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OutlineOutline

� Torque Revisited

� Two definitions for torque

� Angular momentum

� The definition of angular momentum

� Relating angular momentum and torque

� Conservation of angular momentum

� Activity – Angular Momentum Introduction

� Rotating platform – changing angular momentum

� Stationary platform – conserving angular momentum

� The Gyroscope – using angular momentum
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In Chapter 10 we defined the torque  of a rigid body rotating about a fixed axis 

with each particle in the body moving on a circular path.  We now expand the 

definition of torque so t

τ

hat it can describe the motion of a particle that moves

along any path relative to a fixed point.  If  is the position vector of a particle

on which a force  is acting, the torque  is defined as  
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Torque Torque -- RevisitedRevisited
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In the example shown in the figure both   and   lie in the -plane.  Using  the

right-hand rule we can see that the direction of  is along the -axis.

The magnitude of the torque vect
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 between   and  .  From triangle  we have sin
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Views of 
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The counterpart of linear momentum  in rotational 

motion is a new vector known as angular momentum.  

The new vector is defined as follows:  

In the example shown in th

.
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igure both   and  

lie in the -plane. Using the right-hand rule we

can see that the direction of  is along the -axis.

The magnitude of angular momentum  sin ,  

where  is the angle between  
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 we have: sin .
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  Angular momentum depends on the choice of the origin .  If the origin

is shifted, in general we get a different value of .

SI unit for angular momentum:   Sometimes the ekg m / s. quiv
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is used.

Defining Angular Momentum,   Defining Angular Momentum,   L
r
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Angular Momentum of a Rigid Body Rotatin

We take the -axis to be the fixed rotation axis. We will determine 

the -component of the net angular momentum.  The body is

divided into  elements of mass  that have a position vector  . 

The a
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ngular momentum  of the th element is  . 

Its magnitude is sin 90 = .   The -compoment 

 of   is  sin sin . 
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tum  is the sum:

The sum    is the rotational inertia   of the rigid body.
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Derive angular 
momentum from 
Newton’s second 
Law as follows:
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We will now explore Newton's second law in 

angular form for a system of  particles that have

angular momentum , , ,..., .n

n
r r r r
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The angular momentum  of the system is  ... .

The time derivative of the angular momentum is = .
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Relating      and   Relating      and   τ
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From Newton’s 

Second Law 

we see that…
If no net torque then     is a 

constant in time…
L
r
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net

net

For any system of particles (including a rigid body)  Newton's 

second law in angular form is   . 

If the net external torque 0  then we have:  0

dL

dt
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Net angular momentumNet angular momentum

at some later time at some initial tim

 a constant.  This result is known as the law of the

conservation of angular momentum.  In words:
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uation form: 

  If the component of the external torque along a certain 

axis is equal to zero, then the component of the angular momentum

of the system along this axis cannot cha

Note:

nge.
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Conservation of Conservation of L
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Activity Activity –– Angular Momentum IntroductionAngular Momentum Introduction

� Changing angular momentum

� See how changing I changes your 
rotation rate ω…

� Conservation of momentum tells us 
that…

� When I changes what happens to ω?

Your Name (Print):        Date:    
Group Members:               

                 Group:    

 

 

Angular Momentum Introduction 
 

 
1) Write down an equation that expresses Conservation of Linear Momentum. Under what conditions is 

it true? 
 

 
 

 
 

 
 By analogy, write down an equation that expresses Conservation of Angular Momentum. Under 

what conditions is it true? 
 

 
 

 
 

 

 

 

2) Stand on a rotating platform with arms outstretched.  Begin rotating and move your arms close to 

your body. What do you observe? Try it with the weights, but be careful; the effect is much stronger 
because most of the moment of inertia is in the weights extended out a distance from the axis of 
rotation. 

 
 

 
 Explain mathematically why this happens?  

 
 

 
 

 
 

 
 

 
 

 
 
 Take two time measurements to estimate the ratio of the rotational inertia with hands out to the 

rotational inertia with hands in:  

 hands out

hands in

I

I
=  

 
  

Activity

   zL Iω=

i fL L=
r rPlatform is 

Initially 

Rotating…
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i

vertical axis. The student, who has been set into 

rotation at an initial angular speed , holds

two dumbbells in hi

ω

s outstretched hands.  His

angular momentum vector   lies along the 

rotation axis, pointing upward.

L
r

The student then pulls in his hands as shown in fig. b.  This action reduces the 

rotational inertia from an initial value   to a smaller final value . 

No net external torque acts on the student-st

i f
I I

ool system.  Thus the 

angular momentum of the system remains unchanged.  

Angular momentum at :  .       Angular momentum at :  .
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Explaining what we observeExplaining what we observe……
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� Conserving angular momentum

� Observe what happens when momentum 
is red-directed...

� Conservation of angular 
momentum tells us…

� What is initial and final angular 
momentum of the system?

• Consider the direction of L for the wheel 
and the platform before and after…

Your Name (Print):        Date:    

Group Members:               

                 Group:    

 

 

Angular Momentum Introduction 
 

 

1) Write down an equation that expresses Conservation of Linear Momentum. Under what conditions is 
it true? 

 
 

 

 
 

 
 By analogy, write down an equation that expresses Conservation of Angular Momentum. Under 

what conditions is it true? 

 
 

 
 

 

 

 

 
2) Stand on a rotating platform with arms outstretched.  Begin rotating and move your arms close to 

your body. What do you observe? Try it with the weights, but be careful; the effect is much stronger 

because most of the moment of inertia is in the weights extended out a distance from the axis of 
rotation. 

 
 

 

 Explain mathematically why this happens?  
 

 
 

 
 

 

 
 

 
 

 

 
 Take two time measurements to estimate the ratio of the rotational inertia with hands out to the 

rotational inertia with hands in:  

 hands out

hands in

I

I
=  

 

  

Activity Activity –– Angular Momentum IntroductionAngular Momentum Introduction

Activity

i fL L=
r rPlatform is 

Initially 

Stationary…
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Activity Activity –– Angular Momentum IntroductionAngular Momentum Introduction

� Using angular momentum

� Start the gyroscope spinning…

� Observe the response of the gyroscope 
when you perturb it by pushing from 
various directions (right, left, up, down)

• Which way does the spinning gyroscope 
want to move? 

Your Name (Print):        Date:    

Group Members:               
                 Group:    

 

 

Angular Momentum Introduction 
 
 

1) Write down an equation that expresses Conservation of Linear Momentum. Under what conditions is 
it true? 

 

 
 

 
 

 
 By analogy, write down an equation that expresses Conservation of Angular Momentum. Under 

what conditions is it true? 
 

 

 
 

 
 

 

 

2) Stand on a rotating platform with arms outstretched.  Begin rotating and move your arms close to 
your body. What do you observe? Try it with the weights, but be careful; the effect is much stronger 

because most of the moment of inertia is in the weights extended out a distance from the axis of 
rotation. 

 
 

 
 Explain mathematically why this happens?  

 

 
 

 
 
 

 

 
 

 
 

 
 Take two time measurements to estimate the ratio of the rotational inertia with hands out to the 

rotational inertia with hands in:  

 hands out

hands in

I

I
=  

 

  

Activity
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Uses for Gyroscope MotionUses for Gyroscope Motion

� Precession of gyroscope
� Easily quantified (The axle of the spinning wheel defines the spin axis)
� Used in many applications (used to construct gyrocompasses which complement or 

replace magnetic compasses )

LL
dt

d
p

rrrr
×Ω≡=τ

Precession Angle 
per unit Time

See Wikipedia entry for more:

http://en.wikipedia.org/wiki/Gyroscope

PATENTS

The torque is  applied 
perpendicular to the axis 
of rotation, and therefore 

perpendicular to the 
angular momentum


