Week 5 : Day 1
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O Harmonic Motion
>
>

O The SHO System
>
>

O SHO Examples
>
>

O SHO Energy
>
>

O Activities
>
>
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oscillating system.

The motion is periodic, 1.e., it repeats in time. The time needed to complete
one repetition is known as the period (symbol 7', units: s). The number of
. o : 1
repetitions per unit time 1s called the frequency (symbol f, unit hertz), f = Py
The displacement of the particle is given by the equation x(¢) = x,, cos (@t + ¢).
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x(t) = x,, cos (@t + @) The quantity x  is called the amplitude of the
motion. It gives the maximum possible displacement of the oscillating object.
The quantity @ is called the angular frequency of the oscillator. It is given by
the equation 27

O=27Tf =—
/ T
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O=m/2 Consider an object moving on a circular path of radius x

with a uniform speed v. If we project the position of the

moving particle at point P’ on the x-axis we get point P.
=1T
The coordinate of P is x(t) = x, cos(@x +@).

0

While point P* executes uniform circular motion, its

projection P moves along the x-axis with simple

O=31n/2 harmonic motion.

The phase angle determines the starting position of the harmonic motion...

Ot)=awr+¢ = 6(=0)=¢

. UPII Slide 5 of 20 Adapted from Halliday, Resnick and Walker; © Michael Jay Schillaci



0 Phase Fraguency  Angle

’ Fre’q_Ltency Ar:gle
x(t)= x, cos] @ t+ ¢
Q P:‘ase Angle Am;l'i—tJude ) P};gse ’
>
Oy =Py =7 ¢A_¢B:% ¢A_¢B:_%
X & *
A B
[ ! Ill

[

. UPII Slide 6 of 20 Adapted from Halliday, Resnick and Walker; © Michael Jay Schillaci

A




e | - x(t)=x, cos(@xr+@) 1 fig. a x(t) is plotted
0 \ / versus t for ¢=0: x(f)=x cosar.

- Velocity of SHM

)= da;(tr) _ %[xm cos (@r +9) | = —wx, sin (@t +¢)

The quantity @x is called the velocity amplitude v .

Displacement

Velocity
=

i i It expresses the maximum possible value of v(?).
5 /N . Infig. b the velocity v(¢) is plotted versus ¢ for 9 =0:

', / \-* v(t) =—wx,, sin @r.
_adv(t) i

dt  dt
The quantity @"x, is called the acceleration amplitude a . It expresses the maximum

Acceleration

Acceleration of SHM  4(¢) [—a)xm sin (@r + ¢)] =—w’x, COSWt =—@x

possible value of a(¢). In fig. ¢ the acceleration a(?) is plotted versus ¢ for 9 =0:

a(t)=—a’x, cos ar.
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The Force Law for Simple Harmonic Motion

We saw that the acceleration of an object undergoing SHM is a = —

If we apply Newton's second law we get:

Simple harmonic motion occurs when the force acting onjan object is proportional

to the displacement but opposite in sign. The force can be¢ written as F = —Cx

where C is a constant. I\f/we compare the two expressions$ for F' we have
m

maw*=C — and =27

+| —=>|a o< —Xx(1)
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Vertical SHO

O Begin with Newton’s law in (linear form) System
>
0 Use Hooke’s law for the force ¥y IS Amount
spring must
> f/_/_/stretch to balance
O Construct the differential equation weight...
>
O Substitute the solution y(7)=y, cos(wi+@)*
>
O Solve for the angular frequency \
>
0 Express the period of motion Choose y,=0 as
> new equilibrium —

point for motion...
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Your Name (Print): Date:
Group Members:

aQ Work through first s s

A) Determining Parameters from Data Plots

t h ree pa rts : Position, Velocity, and Acceleration in SHM
o e T
N LA //
,1 /\\v/

Group:

0

x (em), ¥ (mfs), af100 (m/s"2)

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

Time (s)

Using the plots above, determine the following parameters for this simple harmonic motion:

Period, T

Frequency, f
0 Angular frequency, @
Amplitude, x,,

Maximum speed, v,

Maximum acceleration a,,

Initial Phase, ¢

Suppose the plots describe a 50 g mass attached to a spring and set into simple harmonic motion. What are
the

Spring Constant, k

Total Mechanical Energy, E
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A simple pendulum consists of a particle of mass m suspended

P
Pivot —

point

by a string of length L from a pivot point. If the mass 1s

disturbed from its equilibrium position the net force acting

= on it 1s such that the system executes simple harmonic motion.

There are two forces acting on m : the gravitational force and

the tension from the string. The net torque of these forces is

T=-r F, =—Lmgsin 6. Here 6 is the angle that the thread

2]

makes with the vertical.

m This equation cannot be

s=1.8
——~-357F) \ ~F cos@

T Ik [0 =—Lmgsin 6 solved easily unless the
¥ e\ — small angle approximation
F,sin@-/\ T .
oy 2ol) (L is used...
7 ! m :
zZ =>—7F+ $ |sin 0(1)=0
‘ dt I

%/_J

constant
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0 The small angle approximation is a very important result in many
areas of Physics and Applied Mathematics
>
9 93 05 9211—1
Sinf =———+——+,...———
I 3 5! (2n—-1)
» 15t Term: Linear
« 2nd Term: Cubic

o
0.7

2 06
% 05 —

04

T @ e

80 100 120 1 160 180
* 2" H um(g's_;m) » “ * _1_- theta (degrees)
Approximation nearly perfect for
angles less than 20 degrees... -2
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In the small-angle approximation we assumed that #<< 1 and used the
approximation sin @ = 8. We are now going to decide what is a “small”
angle, 1.e., up to what angle @ is the approximation reasonably accurate?

6 (degrees) Aradians) sin &
5 0.087 0.087
10 0.174 0.174
15 0.262 0.259 (1% off)
20 0.349 0.342 (2% off)

Conclusion: If we keep 8< 10 ° we make less than 1 % error.
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O Begin with Newton’s second law (rotational form)

>
O Use gravitational force
> : _ _ Simple Pendulum
O Construct the differential equation
>
0 Assume small angle approximation I |
> point
O Substitute the solution 6(1)= 6 cos(wr+@)
>
O Solve for the angular frequency
> .
0 Express the period of the motion (I=mL?) il s
> i
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a Angular momentum about the pivot
Choose R for radius

> so you don’t get

L I ( Rz) confused!
=1w=\m 0
>
r F
> Pivot — :
T =21 ]Y point ;
8 |
N |
|
|
L=mR’ 27 =mq gRO !

Z”J% ‘“*r""' m
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In the figure we plot the potential energy U (green line), the kinetic energy K
(red line), and the mechanical energy E (black line) versus time . While U and
K vary with time, the energy E 1s a constant. The energy of the oscillating object

transfers back and forth between potential and kinetic energy, while the sum of

the two remains constant. p L
®= \/: = o=—
m m

U + K(1) | |

E .
vy Potential energy: Uzakx2 =§kxioosz(al+¢)

Energy

1 | 1
I{ineticenergy: K:—}/m}2 :—}/na}xrznsinz(al+¢) :—mkxisinz(al+¢))
2 2 2 m
K(t)

!
0 T/2 i

Mechanical energy: E:U+K=%Iocfn[cosz(al+¢)) +sin2(al+(,/))] :%kx2

m

A
a I
sin” (@ + @) +cos” (ax + @) =1
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Q The total energy in the SHO system Vertical SHO

may be derived from first principles ‘System
>
dv
—m—=—k(y—
m—-==k(y=,)

= mvdy = —k(y - ¥, )dy

v y
dv_dvdy v = mvdv=—k [(y=y,)dy
- = =V 0 y()+ym

dt dy dt dy

— lmvz = lkyi —lk(y —- Y, )2 *The Maximum

Use chain rule :
rick” here o 2 2 2 velocity occurs

eliminate time... — V(y):\/%@ [)’31 _(y_)’o)j/at y=Yo: —

Vin= WY,
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Q Consider the torsion
pendulum
>
>
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Your Name (Print): Date:
Group Members:

Group:

Torsion Pendulum

1) If you hang a mass on the end of a steel wire, then twist it, and release it, it will oscillate back and forth
rotationally. This is called a torsional spring, and it’s a nice example of how the same basic steps in the
mathematics of SHM can be applied to a large range of different problems.

(a) State what the rotational version of Hooke’s law would be for such a spring. Think about Hooke’s law for
a “regular” spring and replace the linear variables with rotational analogies.

(b) How would you define the spring constant for such an object? Let’s call it k (“kappa”). What units would

this quantity have? On what properties of the wire do you think the torsional spring constant would depend?

(c) Apply Newton’s Second Law (rotational form) and write down the resulting differential equation.
(Assume the 7 is just some unknown moment of inertia, not necessarily a cylinder).

(d) What type of motion results from this? Write down an expression for the position angle of the object as a
function of time.
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In the figure we show another type of oscillating system.

Fixed end

It consists of a disc of rotational inertia / suspended from a
wire that twists as m rotates by an angle 8. The wire exerts
Suspension wire

a restoring torque 7 =—x¥ on the disc.

Reference line This 1s the angular form of Hooke's law. The constant

x 1s called the torsion constant of the wire.

_ 4 2
e o =—KO0= d°6lt) + (E)H(I )=0
1

— dr’

Illr‘\_ —
III
F H.l.'u

If we compare the expression 7 =—x® for the torque with the force equation
F =—Cx we realize that we 1dentify the constant C with the torsion constant x.

We can thus readily determine the angular frequency @ and the period T of the

et C K 1 1
oscillation: w=, —=,|— T=2n.—=27w |—
(R W — C K



O Begin with Newton’s second law (rotational form)

a l>Jse Hooke’s law for the force Torsion-Pendulum
a zonstruct the differential equation* |r1 end
Q zubstitute the solution 6(1)= 6  cos(wt+@)* Suspension wire
0 ;olve for the angular frequency : neberanon s
0 Express the period of the motion S
> i

*Note: Because the equation looks like the SHO
equation the torsion pendulum is also an SHO!
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