Week 5 : Day 3
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a0 Damped Harmonic Oscillator (DHO)
>
>

0 Forced Harmonic Oscillator (FHO)
>
>

Q Activity - Harmonic Oscillator Problems
>
>
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s ppon When the amplitude of an oscillating object is reduced due
e to the presence of an external force the motion is said to be
. damped. An example is given in the figure. A mass m

attached to a spring of spring constant k oscillates vertically.

The oscillating mass 1s attached to a vane submerged in a

liquid. The liquid exerts a damping force F ', whose

magnitude 1s given by the equation F, = —bv.

The negative sign indicates that F ', opposes the motion of the oscillating mass.

The parameter b 1s called the damping constant. The net force on m is

F .. =—kx—bv. From Newton's second law we have: What are the
Damped Harmonic Oscillator ::> d’x +h dx =0 units of b7
(DHO) Equation M To TReE
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a Solve the DHO equation as follows

>
2 2
me x+b@ fx=0=> d—2+ﬁi+5 x(t)=0
dt’ dt dt- mdt m
>
d b k
+29D + @’ =0, D=—,y=—,0=,—
(D +29D+ @ )x(1) Y= ~
>
b2
N
*Note: The m  4m’
\_ﬁr—J
h isti Quadranc Roots @'>0
cquations are x(t):Ae‘”[Bcos(a)'t)+Csm(a)t)]
linear DEs with b 5
solutions like: -t k b

= x(t):xme 2m cos(a)'t+¢)), w=,——

(Dra)=0 ——

= x(r)= Ae™"
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Under-Damped DHO Simulati
0 Physlet Model of the DHO System neerampe imulation

N m=[05 ke A=[100 m k=200 Nikg
b=[02 [Nsm F_=[00 scos(fi0 Tsgn
b 2 — — _
¢ k b oL Position vs. Time
— 2 ! ' __
x(r)= x,e " cos(@t+¢), w=,—- > 2
b v & S g m 4m £ oo
Decays Oscillates E
-10'080_0 I 5|DD : 10|00
> } o o I
Critically-Damped DHO Simulation
5 y

N k b <0 m=[l |kg A=[100]m =1 |Nig
2~ T Nem F <[00 Treost [T e

m 4m =2 Nem F_=[00 xcos([10 =N

b =2 km Critically Damped 1000 Position vs. Time
2
—b220fkm{ =
b > 2'\/ km, Over Damped 3o
-10.00 = 1 | I |
View Physlet online at: http://www.evsis.org/applets/cm_osc.html o Twew
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2
x(t)= xme_b”zm COS (a)’t + ¢) a)’=\/k _b

’ i
| -
+‘\'.'r.l -

ot LA LA AV AANNL

—x, | U I

In the picture above we plot x(¢) versus . We can regard the above solution

. . . . . —btl2
as a cosine function with a time-dependent amplitude x e ~".

If the oscillator is damped its energy is not constant but decreases with time.
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Q First express total energy directly (!)
v(r) 2 (1)
1 1 b -l ° 1 :

E(t)=lmv2(t)+—kx2(t)=—m -——x,e " cos(a)'t+¢)—a)'xme_%t sin(@'r + ¢) +—kxie_;t cos* (@'t +¢)
2 2 2 2m 2

>
1 b, ? 1 -y
E(t)=—ma® xie " [ cos(@'t + @)+ sin(a)'t+¢)} +=kxle " cos’(@'t+9)
2ma 2
>
2 2
w'= E— b - = £ 1- b zx/z,b<<2\/mk
m 4m m 4mk m
>

b, b, b
E(t)z%ma)'z Xie ™ sinz(a)'t+¢)+%kxie m cosz(a)‘t+¢):§kxie m
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a How Long does it take for a DHO to lose a given
percentage of it’s energy?
>

*Note: 80% lost
means 20% of initial t=—1 ln{E ( )} __ O.100kg 1n{of‘ﬂj—o.5s 1n(0.20) = +0.8s
0

energy is left... L, 0.2kg /s
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Moving
support

| P

Y

Springiness, k

. Mass m

bh=50g/5s
(least
damping)

b=70g/s

PR

b= 140 g/s

Amplitude

0.6 0.8 1.0 1.2 1.4
W/

If an oscillating system is disturbed and then allowed

to oscillate freely the corresponding angular frequency @

is called the natural frequency. The same system can also
be driven as shown in the figure by a moving support that
oscillates at an arbitrary angular frequency @,. Such a
forced oscillator oscillates at the angular frequency @,

of the driving force. The displacement is given by

x(t) = x, cos(@t+¢). The oscillation amplitude x, varies
with the driving frequency as shown in the lower figure.
The amplitude 1s approximately greatest when @, = @.

This condition is called resonance.

L0 K )=, 0
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a Use the Physlet to see resonance
>

http://www.evsis.org/applets/cm_osc.html

m=|1 ke A=[100 m 1F|mn Nikg.

b=|':'-':' Nsim Fext=|2':”:' Ecus(lm *IN

oo Position vs. Time \/7 / 1 O 1 O ﬁ

0.00

Position {m)

-20.00

0.00 5.00 10.00
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Q Problem set-up

Your Name (Print): Date:
Group Members:

Group:

Simple Harmonic Motion Problems

{HRWS 15.P.045} A physical pendulum consists of a uniform solid disk of

radius R supported in a vertical plane by a pivot located a distance d from the Pivote ———
center of the disk. The disk is displaced a small angle and released. 'd
a) Derive an expression for the period of the resulting simple harmonic e
motion in terms of the given quantities. y

Calculate a numerical value for the period if R = 2.35 cm and

d=1.75cm. ~___ 7

b,

vV V V V

2. (HRWS15.P.049} A stick of length L oscillates as a physical pendulum.
a) Derive an expression for the period as a function of the distance x between the
pivot point and the center of mass of the stick.

D E xa m I es b) Derive an expression for the value of x that gives the shortest period.
c) Calculate a numerical value for the shortest period if L = 1.85 m.

3. (HRWS815.P.051}  In the overhead view shown in the diagram, a long Wall
uniform rod of length L and mass M is free to rotate in a horizontal
plane about a vertical axis through its center. A spring with force
constant k is connected horizontally between one end of the rod and a k
fixed wall. When the rod is in equilibrium, it is parallel to the wall.

a) When displaced slightly from equilibrium, is the motion simple
harmonic motion? Why?
b) If the motion is simple harmonic, derive an expression for the period in terms of the given quantities.

-Rotation axis

4. A mass m is connected to two identical rubber bands of length L, each
under tension 7 as shown in the diagram. The mass moves on a smooth
horizontal surface. Assume the magnitude of the tension in the rubber
bands does not change when the mass is displaced a small distance y from
the equilibrium position.

a) Does the mass execute simple harmonic motion when it is displaced a
small distance y and released? Why?

b) If the motion is simple harmonic, derive an expression for the period
in terms of the given quantities.
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Balance pendulum on a

. knife-edge support
O Theory and Experiment (Problem 5)

>

Q Testing your prediction
>

>

Consider small angle
oscillations and time
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0 Hanging objects may be made to oscillate
a Motion described by Newton's 2nd Law

>

Picture credits Hyperphysics site at: http://hyperphysics.phy-astr.gsu.edu/Hbase/pendp.html

pivot \ N

object

~L, (mgsin@)=1 object &
— cj;f + n;il: sin@ =0 /
Ao w1
mgsiné@ i I,
= 0(r)= o, sin( ?g—L'”t)

object

mg

The small angle approximation,
gives solution as SHO system
so that the frequency and
period of oscillation may be
predicted:

mgL

= =, |7

object

object

=T =2r
mglL

cm
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O Where is the COM?

>
2,
e _ i
rcom - Zm £ £ X
: ii 2 d) d) 2
l
1 2
> ® 5 ®
By
2
xcom = 0’ y com = myl i my i my3
3m

® X;
- COM is located
I £ﬁ+££+\64:\5 2/3 of height...

L
3122 22 2

’ =L —\/5 Z(ﬁLJ
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